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Abstract
Is it possible that the utility maximizing behavior leads the mankind
to destruction? We develop a model with optimal pollution and optimal
population in which population growth rate decreases along with pollu-
tion. We study if the optimal path is demographically sustainable, i.e.
if it can provide non-decreasing consumption for a non-decreasing pop-
ulation. We ﬁnd that demographic sustainability is impossible without
technical progress. Technical progress, however, does not necessarily lead
to demographically sustainable growth.
1I n t r o d u c t i o n
The concern that environmental issues may set limits to growth is not new.
The problem of sustainable development was under intense debate in the 1970s
and has been considered again during the last decade. There has, however,
been a chance in emphasis. While the earlier work concentrated on the role
of non-renewable resources (Dasgupta and Heal 1974) and (Solow 1974) and
(Stiglitz 1974), in the recent work, in addition to non-renewable resources (?)
and (Pezzey and Withagen 1998), renewable resources (Valente 2004), and pol-
lution (Greiner 2003) are considered. The change in emphasis may be due to
recent political problems dealing with climate change and Kyoto protocol but
also due to emergence of waste literature in the Environmental Kuznets curve
(Grossman and Krueger 1995) and (Stokey 1998) which is closely related: litera-
ture on EKC wants to show that the relationship between pollution and income
has the shape of inverted U whereas literature on sustainable development con-
centrates on long-run equity between generations posing the requirement for
non-decreasing consumption or utility (Pezzey 1989).
Whether dealing with natural resources or pollution, the sustainability lit-
erature has almost completely by-passed the problem of population growth. In
many papers (Dasgupta and Heal 1974) and (?) and (Greiner 2003) population
is simply assumed to be constant thus neglecting the fact that it is much harder
to keep per capita consumption growing under population growth. The papers
1of (Solow 1974) and (Stiglitz 1974) and (Valente 2004) assume a constant pop-
ulation growth but this in turn, pay no attention to increase in mortality under
severe environmental stress of scarce resources or heavy pollution.
The contribution of this paper is to introduce population growth which is
endogenous to the state of environment. Especially, we want to focus on the
concentration of pollutants, which – through increases in mortality –- may
ultimately make the population to decrease. In the presence of endogenous
population, the concept of sustainability as non-decreasing per capita consump-
tion needs redeﬁnition. One can hardly think as sustainable a situation, in
which population keeps decreasing and gets ultimately extinct. Therefore, we
deﬁne a path as demographically sustainable if it permits a non-decreasing per
capita consumption for a non-decreasing number of people.
The main result of the paper is that in the absence of technical progress, the
only demographically sustainable case is that in which both population and per
capita consumption are constant. The presence of exogenous technical progress,
on the other hand, makes both increasing consumption and population possible
but does not warrant it. Technical progress in production or consumption tends
to increase the steady state pollution thus leading to lower – and possible
negative – population growth in the steady state.
The plan of the paper is the following: Section 2 discusses the basic concepts.
Sections 3-6 give the model, and its solution and implications, Section 7 provides
two calibrated examples, and Section 8 closes the paper.
2 Homeostasis and Sustainability
The homeostatic theory of population growth is a biologically oriented the-
ory which deals with equilibrium between the carrying capacity of environment
a n dp o t e n t i a lt or a p i dg r o w t ho fm a n k i n d ,f u e l e db y“ p a s s i o nb e t w e e ns e x e s ”
(Hirschman 1994). Robert Malthus introduced the economic intermediaries,
wages, prices, and rents which reﬂect the relative abundance of natural resources
to population (Malthus 1914). He also introduced the idea of positive check of
endogenous mortality which restores the equilibrium between the environment
and population.
Since Malthus, however, the mankind has experienced a technophysio evo-
lution (Fogel 1999):
Technophysio evolution implies that human beings have so great
degree of control over their environment that they are set apart not
only from all other species, but also from all previous generations of
Homo Sapiens.
This evolution led to inventions in the ﬁeld of agriculture, industry and
medicine, (Fogel 1999). In the course of this evolution, humans also experienced
demographic transition, during which they gained control over their fertility as
well as motivation to substitute the number of children by their quality leading
2to ever increasing stock of human capital, which itself kept the virtuous cycle
going (Galor and Weil 1999) and (Lucas 2002).
Is the virtuous cycle bound to last forever or is it possible that mankind in
the future hits its environmental limits again? Should we still take homeostasis
seriously? Especially, does the increased pollution of the environment lead to
reappearance of positive check of increased mortality?
Some results are already available. Local smog in Meuse Valley (Belgium)
1930 and in London 1952 took the lives of 60 and 4000 people respectively
(Nemery, Hoet, and Nemmar 2001) and (Logan 1953). WHO has reported
that air pollution is responsible for 600000 premature deaths worldwide (WHO
2002). In the future, air pollution is expected to increase mortality through
increases in pulmonary and cardiovascular diseases and lung cancer (Samet et
al. 2000). A new type of mortality increase will be due to increase in skin cancer
prevalence induced by stratospheric ozone depletion. (Brunekreef and Holgate
2002). Global warming is estimated create a 1/4 increase in risk to die in malaria
in Africa (Tanser et al. 2002). McMichael et al. (2003) report that pollution of
rivers and falling level of groundwater will lead to water shortages and increase
in diarrhoeal deceases in developing countries. An alternative example is given
by Moracelli et al. (2000): population growth may decrease because of changing
sex ratio of oﬀspring due to concentration of ecocides.
It seems possible that fast increase of consumption and production of goods
increases pollution of air, soil, and waters in the future. This may increase
mortality and push the already-low population growth rate below zero. Then,
why not stop consumption? The reason is that fast increase of consumption
may be optimal in the meaning that the present value of total utility may be
maximized even if population growth is negative.
3 The Model
Pollution may enter the economy in several ways. In production, it may ex-
ist as an unavoidable side-product or as an essential input which permits the
production process. In consumption, pollution can cause utility losses due to
inconveniences or bad health. These two eﬀects are broadly considered in earlier
literature.
In this paper we argue that pollution also has an eﬀect on population growth.
Our emphasis is in the long-run. We assume that the presently ongoing demo-
graphic transition is over and population growth has levelled-oﬀ.T h e ns l o w l y ,
the pollution-related deaths start to bite and population growth n decreases.
Pollutants may have negative eﬀects on mortality both as ﬂows and as stocks. In
s o m ec a s e si ti sh a r dt od i ﬀerentiate between these two, but in discussing global
eﬀects, it seems appropriate to concentrate on stocks, which possibly have more
permanent eﬀects than short-run emissions. To formalize, let S stand for the
pollution stock. The population function gives population growth as a function
of pollution:
n = n(S),n (0) > 0,n 0 (S) < 0.
3We assume that population growth reaches the critical level zero at S = ¯ S
beyond which population decreases. Let L stand for population. If the initial





Otherwise, we assume the simplest possible model to concentrate on the role
of population. Let consumption and emissions be denoted by C and E respec-
tively. By writing C = E we assume that emissions are directly “consumed”. In
most models, pollution is assumed to cause disutility (see for example Tahvonen
and Salo 1996) but from the demographic point of view they are nonessential
and are neglected here. The instantaneous individual utility function then be-
comes u = u(E/L),i nw h i c hE/L are the per capita emissions. The utility
function takes the standard concavity properties.
No production process is explicitly postulated so that consumption takes
place directly at the cost of environment. Thus, the pollution stock accumulates
according to
˙ S = E − δ (S), (1)
in which we assume that the decay function δ(S) is strictly concave and has
the shape of an inverted U running from the origin to carrying capacity limit
˜ S>0 beyond which the accumulation of pollution is irreversible.1 We assume
˜ S>¯ S to allow the possibility of negative population growth in the area of
reversible pollution. The model formulated here is a variation of the standard
“prototype of pollution” as discussed by Tahvonen and Salo (1996). Note that
the relationship of population and pollution is bidirectional. In order to preserve
the level of per capita consumption, large emissions are needed if population is
large. On the other hand, large emissions accumulate the stock and decrease
the population growth.
Assume that there is a central planner, who derives utility from the utilities
of each individual and the number of individuals, i.e. the planner pays attention,
not only on per capita emissions, but also on the number of people enjoying it
so that in each instant of time, the total utility becomes u(E/L) · L.I n h i s
intertemporal choice, the planner faces the societal discount factor ρ>0. Then,













{ρ − n[S (τ)]}dτ
¶
dt, (2)
1A broad branch of literature deals with the problem of non-concavities in the decay
function. The main conclusion is that if the decay function is not convex the (constant
population) model for optimal pollution may have multiple steady states. For a survey, see
Tahvonen and Salo (1996). We assume that the decay function is concave.
4in which we assume U bounded and ρ − n[S (t)] > 0. The mechanism of the
model is the following: By the choice of the path for E(t) the planner determines
the path for S(t) w h i c hi nt u r ng i v e st h ep a t hf o rp o p u l a t i o ng r o w t hn(t) and
population L(t). Finally, the path for per capita emissions E(t)/L(t) becomes
determined.
Unfortunately, the discount factor in (2) is not constant. To solve the model,




{ρ − n[S (τ)]}dτ,
to get
d∆(t)
dt = ρ−n[S (t)] and dt =
d∆(t)






ρ − n[S (t)]




E (t) − δ [S (t)]
ρ − n[S (t)]
.
As a concave constant-discount-factor problem it can now be solved by using
standard methods (Benveniste and Scheinkman 1982). In simpliﬁed notations,




{u(E/L)+λ(∆)[E (t) − δ (S)]}, (3)
∂H (S,E,λ)
∂E(t)












{λ[∆(t)] · exp[−∆(t)] · S (t)} =0 . (5)




dt we can translate the results back to “natural” time





[ρ − n(S)] = −n0H + λ
£
δ
0 + ρ − n
¤
. Dividing by







= ρ − n. (6)
5Assume that today one unit of emission is delayed and consumed tomorrow.
Time preference and population growth dilute every unit by ρ − n.T h i s l o s s
must be covered by the capital gains ˙ λ/λ and the changed decay today (positive
or negative). In addition, the left hand side of (6) has the term n0H/λ which
says that population growth today is larger because S is smaller. Thus, an extra
number of people enjoys total utility H during their lifetime and the value of
this additional utility is H/λ.
To simplify the analysis we adopt the familiar constant intertemporal elas-
ticity of substitution (CIES) utility function u(E/L)=
(E/L)1−θ
1−θ ,θ6= 1.H a l l
has argued that empirical elasticities tend to be large (Hall 1988) and we assume
through the analysis θ>1. The boundedness of the objective functional (2)
now requires ρ−θn > 0 in steady state. We can now eliminate λ by taking the
















0 +( ρ − θn)
¤¾
. (7)
The non-linear equations (1) and (7) give the solution of the model. The phase
lines become









0 +( ρ − θn)
¤¾
, (8a)
˙ S =0 ⇔ E = δ. (8b)
To state the existence and the number of the steady states, note that the



















n0 is always negative and θ−1
θ positive for θ>1. In the square
brackets, δ





< 0. Therefore, if
¯ ¯δ
0¯ ¯ > |ρ − θn| for S =0and
S = ˜ S,t h e ˙ E =0 −line runs below the ˙ S =0 −line for S =0but above it for




exists due to continuity of all
functions. If there are several steady states, their number is odd.
4 Two Population Functions
In the Report of Rome, Meadows et al. (1973) suggest that the demographic
eﬀect of pollution can be of several types; Figure 1 reproduces these types.2 In
2Originally, the eﬀect of pollution to the lengt of life.
6A pollution has no eﬀect and in B its eﬀect is positive. These cases are not
realistic. In C population growth decreases linearly, in C00 the negative eﬀect is
exponential, and in C0 a phase of rapid decrease between modest reactions tells
about a demographic crisis. We concentrate on cases C and C0.
Figure 1: The eﬀects of pollution on population growth (Source: Meadows et
al. 1973)
4.1 Linear Population Function








in which r>0 is the intrinsic rate of decay. Assume that the population function
is linear:
n(S)=β − ηS, β, η > 0.
The ˙ S =0 −line E = δ runs from origin to ˜ S.I tp e a k sa t˜ S/2 and its slope is
δ




S which gives δ
0 (0) = r and δ















+ ρ − θβ + θηS
i¾
. (10)
As discussed earlier the ˙ E =0 −line runs below the ˙ S =0 −line for S =0
but above it for S = ˜ S. Because both isoclines are quadratic, they intersect




such that the ˙ E =0 −line hits the ˙ S =0 −line from
above and the single steady state is a saddle (see Appendix A) with the stable
saddle paths running from the north-west and south-east (see Figure 2).
7Figure 2: The phase diadram of the model.
4.2 Demographic Crisis
In the linear example above, the negative demographic eﬀects of pollution step
in steadily, as the concentration increases. Alternatively, pollution may manifest
itself as demographic crises as the percentage of pollution reaches a threshold
level. For example the resistance against bacterial and viral diseases may de-
creases leading to pandemics which earlier appeared after periods of malnutri-
tion. To model demographic crises, we can assume that the population function
takes the non-linear shape suggested by the curve C0 in Meadows et al.( s e e
Figure 1). There is a sudden drop in population growth as pollution reaches a














0 + ρ − θn
¤¾
,
now takes a curved shape because (for a given change inS), there is a minor
change in all other elements, but a large change in n0. The more curved the
population function, the more likely the model has multiple steady states. This
is illustrated in Figure 3.
5 The Sustainability in Steady States
In the literature of natural resources and pollution, the path is said to be sus-
tainable, it provides a non-decreasing consumption per capita. In this paper, we
enlarge this concept to take into account the population growth. We say that a
path is demographically sustainable if it provides a non-decreasing consumption
for a non-decreasing population.
8Figure 3: Multiple equilibria case.
It is well known that the intertemporal eﬃciency may pose some limitations
to the location of the steady state on the isocline of the stock variable. This
feature could be present in the case of the pollution stock as well. The upwards
sloping part of the ˙ S =0 −line is a candidate for “underaccumulation" in the
meaning that one could reach higher steady state emission (consumption) sim-
ply by emitting more during the transitional period. However, because larger
stock of S necessary implies lower population growth, and thus lower values for
total utility, no ap r i o r irequirement for the location of the steady state can be
derived.














0 + ρ − θn =
n0
(ρ − n)(θ − 1)
δ. (11)
Three propositions are now available:
Proposition 1 In a steady state S∗, the population growth rate n∗ = n(S∗)
can be of any sign.
Proof. Immediate. The right hand side of (11) is negative. In terms of the
additive left hand side, δ
0 can be of positive or negative in a steady state. The
a priori assumptions are ρ>0 and ρ−θn > 0. This poses no limitation to the
sign of n∗.
Proposition 2 In a steady state S∗, either an ever increasing population enjoys
an ever decreasing per capita consumption, an ever decreasing population enjoys
an ever increasing per capita consumption or both population and per capita
consumption are constant.
Proof. Immediate. In a steady state emission E is constant. Therefore, per
capita emissions E/L grow at rate −
˙ L
L = −n(S∗).
9Proposition 3 The only demographically sustainable case is the (non-generic)
case of constant population and constant consumption.
6 Technical progress
The gloomy steady state results above rely on the fact that technical progress
is not present in the model. Apparently, this is not realistic. Assume that
technical progress is exogenously running at rate x annually. Then, at every
instant of time t,w eh a v eC = extE, i.e. for given emissions it is possible to
consume more than earlier. The per capita consumption then becomes
C/L = extE/L . (12)
Applying this to equations (2)—(8b) gives the isoclines









0 +( θ − 1)x +( ρ − θn)
¤¾
, (13a)
˙ S =0 ⇔ E = δ. (13b)
In a steady state ˙ S = ˙ E =0 . Equation (12) now implies that
the steady state per capita consumption E/L grows at rate x − n(S∗) and it
is possible to have both per capita consumption and population increasing in
a steady state, i.e. there is a possibility for demographically sustainable paths
to exist. This existence, however, is not warranted because n(S∗) –i n s t e a d
of being a constant – is a function of technical progress x.T os e eh o wn(S∗)





2 (ρ − n)
θn0 < 0.
Therefore, the ˙ E =0 −line shifts down as the pace of technical progress increases
as depicted in Figure 4 in the case of linear population function.
To comprehend, note that in the equilibrium the negative eﬀect of a mar-
ginal emission through increase in S and decrease in population growth and its
positive utility eﬀect in consumption just cancel and the marginal emission is
rejected. Technical progress increases the positive consumption eﬀect and the
marginal emission is accepted with the outcome that pollution stock increases
and population growth decreases.
Technical progress has an analogous eﬀect in the case of demographic crisis
with a non-linear ˙ E =0 −line: as the rate of progress increases, the ˙ E =0 −line
shifts down as depicted in Figure 5. If the technical progress is low, the model
only has a low-pollution steady state (line a). As the rate of technical progress
increases, several steady states appear.3 Note that the new steady states to
appear are at higher and higher level of S. Ultimately, the low-pollution steady
3The non-generic tangency cases are not discussed.
10Figure 4: Technical progress shifts the ˙ E =0 −line down.
Figure 5: The technical progress, non-linear case.
state disappears (line c). The case of demographic crisis implies that sudden
jumps from a situation to another are possible even for a moderate change in
the model.
Honkapohja and Turunen-Red (?) have recently deﬁned as small eﬀects the
local eﬀects which take place around a given steady state and as large eﬀects
the eﬀects which increase the number or local stability of the steady states. The
discussion above shows that technical progress is able to produce small eﬀects
if the population function is linear and large eﬀects in the case of non-linear
population function. In the latter case, the appearence of steady states goes
from low-pollution steady states to high-pollution steady states as technical
progress increases.
117 Parametric Examples
We start by comparing the cases without and with technical progress in the
case of linear population function, which takes the form n(S)=β − ηS.L i t t l e
is known about the possible values of the parameters of interest, such as the
carrying capacity of environment ˜ S, intrinsic decay rate r or demographic pa-
rameters β and η. Even so, a simple parametric exercise gives at least some
qualitative information is thus worth doing. Let θ =3 ,ρ=0 .04 to describe the
preferences and r =0 .2. ˜ S = 1000 to describe the decay function. Finally, let
β =0 .01 and η =0 .000015.F o rS =0population grows at rate 1% annually.
Population growth goes to zero at ¯ S =6 6 7 .F o r S>¯ S p o p u l a t i o ng r o w t hi s
negative. The economy reaches the steady state value at S∗ =6 18.T h e r e f o r e ,
population keeps growing at rate 0.07% leading to doubling in 930 years.
Now assume that technical progress proceeds at rate x =0 .02.O t h e rp a r a -
meters are unchanged. The new steady state becomes S∗ =7 2 5which implies
n(S∗)=−0.08%. Therefore, the population goes to half every 794th year.
Next we concentrate on the non-linear case. One of the simplest algebraic
expressions satisfying the theoretical requirements is
n(S)=β −
α
1 +( µS)−γ ,
in which β gives the population growth for S =0 , β − α gives the lowest
p o p u l a t i o ng r o w t hr e a c h e d ,µ>0 gives the multiplies the eﬀect of S such that
large values of µ lead to negative population growth at low concentrations of
pollutant. Finally, γ>0 gives the curvature of the function with high values
referring to curved shape. Let β =0 .01 and α =0 .02. Then population grows
at rate 1% in the maximum and at rate −1% in the minimum. Further, assume
γ = 16 and µ =0 .0013. This leads to population function depicted in Figure.
The population grows at almost constant rate until S ≈ 600. Then population
growth rapidly decreases, becomes zero at ¯ S =7 6 9 . This population function
i sg i v e ni nF i g u r e6 .
Figure 7 shows the phase diagram in which the ˙ E =0 −line shifts down as
technical progress increases from x =0 .00 (line a) through x =0 .01 (line b)to
x =0 .02 (line c). Line a hits the ˙ S =0 −line at S∗ =5 2 8whereas for line c we
have S∗ =8 0 5 . The former leads to population growth n(S∗)=0 .0099 whereas
the latter gives n(S∗)=−0.0035.
8 On the Beach?4
The model discussed introduces population growth as a function pollution. The
current debate concentrates on pollution, but there also exists a theoretical
reason to choose pollutants rather than natural resources namely the public good
nature of many pollutants in air and waters not to forget the climate change. If
the environment suﬀers from severe pollution, we are all injured. Most natural
4See Shute 1957.
12Figure 6: The nonlinear population function.
resources, on the other hand, are owned by individuals, ﬁrms or states, and in
the real life the divisional aspects dominate the aspect of sustainability.
Our simple model pays no attention to aesthetic, scientiﬁc or recreational
amenity values provided by unspoiled environment (see (Krutilla 1967) and
(Barbier 2003)). In the constant population model, the inclusion of the state of
environment into utility function tends to lead to better preservation of it (?).
The result would be analogous in our model: every unit increase in pollution
stock would then lead to decreases in population growth and per capita utility
and its stock in a steady state necessarily decreases.
On the contrary to common wisdom, we ﬁnd that technical progress does
not save us. Quite the opposite, it just shortens the expected future of humans
because it makes extra consumption and pollution to pay. The result depends
on the type of technical progress chosen in the model. If we argue that technical
progress takes place in medicine, not in production or consumption, then the
a d v e r s ed e m o g r a p h i ce ﬀects of pollution may ease oﬀ. In the real world, both
types of technical progress are present, and the race between them is decisive.
As Solow suggested “The theory of optimal growth ... is thoroughly utilitar-
ian in conception. It is also utilitarian in the narrow sense that social welfare
is (usually) deﬁned as the sum of the utilities of diﬀerent individuals or genera-
tions" (Solow 1974). In the case of endogenous population, this property takes
an excarbated expression: a path, which ultimately leads into extinction, may
well be optimal. Naturally, diﬀerent results were derived, if positive population
were posed as an ap r i o r iconstraint to the optimization. One could argue that
this should be done, but looking at the everyday behavior of men, one hesi-
tates. It seems as if great risks are taken in terms of environment by individuals
and nations and one is inclined to state that the utilitarian approach is not so
distorted after all.
13Figure 7: The phase diagram, non-linear population function.
A Appendix: Local Stability of the steady states
Lets write ˙ S = ϕ(S,E) and ˙ E = φ(S,E). In a steady state, ˙ E = ˙ S =0holds














0 + ρ − θn =
n0
(ρ − n)(θ − 1)
δ. (14)
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,
in which the last row is derived by using (14) and (8b). Because φS contains
the undeﬁn e ds e c o n dd e r i v a t i v en(S),w ew r i t e














The expression (−ϕE) · φE = − n0E
(ρ−n)(θ−1) is positive. The expression in the
square brackets is the diﬀerence in the slopes of the phase lines ˙ S =0and
˙ E =0 . If, in a steady state, the ˙ E =0 −line hits the ˙ S =0 −line from below
this expression is negative implying DET J < 0 and this steady state is a
saddle. Otherwise, DET J > 0. The trace of the Jacobian is












(ρ − n)(θ − 1)
·




0 + ρ − θn
¢
= ρ − θn.




0 {ρ − n[S (τ)]}dτ
´
in (2) grows at
rate −[ρ − n(S∗)]. Because E is constant, u(E/L) grows at rate −u0
u n(S∗)=
−(1 − θ)n(S∗). Boundedness requires −(1 − θ)n(S∗) − [ρ − n(S∗)] = −ρ +
θn(S∗) < 0 or ρ − θn(S∗) > 0. Therefore, a steady state with DET J > 0 is
an unstable node or focus.
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